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Abstract : In this paper we discuss some relationship between Laplace transform , Sumudu transform and Mahgoub
Tra‘nsforms .We solve first order ordinary differential equations using both transforms and show that Sumudu transform
I@Mahgoub transform are closely connected with the Laplace transform.
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I. INTRODUCTION

Recently, In 2016 Mahgob introduced a uscful technique for solving ordinary & partial differential equations in the
ime domain [1]. Hassan Eltayeb introduced some relationship between Sumudu and Laplace transforms, further; for the comparison
purpose, he apply both transforms to solve differential equations to see the difterences and similarities[2]. In 2016, P.R.Bhadane observed
that the new method using Elzaki transform was presented to solve system of homogeneous and non-homogeneous linear differential
equations of first order and first degree with constant coefficients and satistying some initial conditions. The solution
obtained for the system of homogencous and non-homogeneous lincar differential equations of first order and first degree is also
discussed. These results prove that the Elzaki transform new method is quite capable, well appropriate to solve such types of problems[5].

Recently In 2016 Abdelbagy A. Alshikh, Mohand M. Abdeclrahim Mahgob discussed some relationship between Laplace
ransform and ihe new two transform called ELzaki transform and Aboodh transform and solved first and second order ordinary
differential cquations using both transforms, and show that ELzaki transtorm and Aboodh transform are closely connected with the
Laplace transform[3]. In 2007, Jun Zhang discussed An algorithm based on Sumudu transform was developed. The algorithm can be
implemented in computer algebra systems like Maple. It can be used to solve differential equations of special form[7]. In 2010, Hassan
Eltaj{'and Adem Kilieman introduced some relationship between Sumudu and Laplace transforms, further; for the comparison purpose
and applied bLoth tunsforms to solve differential equations to see the differences and similarities. Finally provided some examples
regarding to sccond order differential equations with non constant coefTicients as special case[8].

1. Defiaitions and Standard Results @
2.1 The Lapluce Transform :
Definition : 15 X1) is a function defined for all positive values of t,then the Laplace Transform is defined as
L[f(V] =FE)=f, ¢~ f(0)dt Q)
Provided th:at the integral exists.Here the parameter s is a real or complex number.The corresponding inverse Laplace transform is
that the inteera! exists.Here the parameter s is a real or complex number.The corresponding inverse Laplace transform

is L™Y[#(s)] = f(t).Here f(t) and F(s) are called as pair of Laplace transforms.
2.1.1 Laplace ‘T'ransform of some functions :

Q) 1.(1)——; = F(s)

Lineision Formula : L7 (%) =1=f(t)

_ n!

(in 2 F(s)
luversion Formula @ L7? (;?l:T) = 5';-: = f(t) F Wy EST ED
(i) L(e%t)= l_:‘ = F(s)
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(iv) L(sin@an)) = v 2 (5)

Inversion Formula : 2, (

shaatd
e i 0
lnversion Formula ; 3.°! (;».;“;‘—) = -"123"»- A
s “
) L{cos(at)) = TP O

Inversion Formula ; 2. (;_%‘;;) = cos(at) = ()
2.1.2 Laplace Transform of derivatives ¢
W LIFO = sE(s) = £(0)
W LIFO) = s3F(s) - S0 = £(o)
2.2 The Sumudu Tra nsform:
Definition :

o ' 8 transform is defined
Over the set of functions, = UF®/3aM, v, 13 > 0,1/(0)] < Me',if t € (—1)! x [0,0)) ., the sumudu try

by G(w) = SIfr(] = fo' e~ f(utdde, u e (ry, ). )
2.2.1 Sumudu Transform of some functions : ‘
i) S(D=1=G(v)
Inversion Formula : $=1(1) = 1 = JAC3)
= n
i) SE=u"=G (u)
Inversion Formula : S"‘(n!u") =th = £(0)
< I
1ii) S(e®) e =G
Inversion Formula : $—1 (Tlnu =e™ = f(t)
. . —_au
iv) S(sinat)= Ta:‘u—:-(;(u)
s . c—1 u — Sinat _ |
Inversion Fommlla S (‘*-r{-a:u:) e @)
v) S(COS(at))=m = G(u)
Inversion Formula : $—1 (::?T) = cos(at) = f(t)
2.2.2 Sumudu Transform of derivatives :
M SIF(0)]=2=L@
() SO - L2 L@
2.3 Mahgoub Transform: : ‘

Definition :
A new transform called the Mahgoub transform defined for function of exponential order we consider functions in the set A

defined by : ki
X t
A={f()/3aM, 1,1, > 0,|f ()| < Me™,if t € (—=1)! x [0,0)}
For a given function in the set A, the constant M must be finite number ,ky, k» may be finite or infinite.The Mahgoub transform
denoted by the operator M(.) defined by the integral equations

MIf(D] = H(V)=v [ e ™ f(O)dt. t =0 ,ky <v < ks. )
2.3.1 Mahgoub Transform of some functions :
i) M (1)=1=H(v)
Inversion Formula : M~1(1) = 1 = f(¢t)
n
ii) M (:‘—!)—:"—H(v)
Inversion Formula : M“Q:l"’—) =t" = f(¢t)
iii) M (e*)=-=== H(v)
. " =1 (L2} s pat
Inversion Forr:pula M (v_a) e @
iv) M (sinat)= WH v)
. - sinat
Inversion Formula : M 1(ﬁa—z === f(t)
2
v) M (cos(at))=z=— = H(v)
2
Inversion Formula : M—1 (vz‘:-az) = cos(at) = f(t)

2.3.2 Mahgoub Transform of derivatives :
(D) MIF (tN=vH (v) — vf(0)
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\Jj 3. Application

. : \ : - > u
In this section, the  efYectiy eness and the uscfulness of Laplace, Sumuda and Mahgoub  transform techniq ::l
Yo i : | ons
& demonstrated by finding exact solution of a system of homogencous and non homogencous Linear differential equa

f‘l'uaq onder and finst depree with constant ¢coefy
£ Example : (1) Find the solutions of the system of equations
E’ dx/dt + Y = 2cost
: dy/dt — x = 1
With initial conditions NX(0) = -1 and ¥(0) = |

Solution: Applying the Laplace transform of both sides of Eq. (4) and (5)
Lldx/ dt] + L[y] = 2L[cost]
Lldy/dt] — L[x] = L[1]
Since L[{x(8)] = 1(s) and L[)’(t)] = F,(s)
SEL(S) = x(0) + Fy(s) = 2/(s?+1)
sI(s) —y(0) + Fi(s) =1/s
Solving these equations for Fy(s)and F(s);
(,‘ Fi(s) = 252 /(52 4.1 P = 1/5(82+ 1) /(s> +1)—s/(s2+1)
- a(s) =2s/(s2 + 1 )% + s/(s? + 1)
Appling Inverse Laplace transforms.
Thus required solution of given differential equations are
«(t) = tcost — 1 and ¥(t) = tsint + cost
2: Applying the Sumudu transform of both sides of Eq. (4) and (5)
Sldx/ dt] + Syl = 2S[cost]
S[dy /dt] — Sx] = s[1)]
Since S[x ()] = G1(u) and S[y(t)] = G>(uw)
(GG = x(0)) /u + G, (w) = 2/(u?+1)
(C.0) =y /u + G, W=1
Solving these €quations for G, (u)and G,(u) Then Appling Inverse Sumudu transforms.
Thus required solution of given differential equations are
x(t) = tcost — 1 and y(©) = tsint + cost

3:/4\Dplying the Mahgoub transform of both sides of Eq. (4) and (&)
o Mldx/ dt] + M[y] = 2M[cost]

M[dy/ut] — M[x] = M[1]
Since M[x(t)] = H, (v) and My(®)] = H(v)
vi (v) —vx(0) + Hy(w) = 2v3/(v2 +1)
v (v) —vy(0) + H@w =1
Solving these -;uations for Hy(v) and H,(v) Then Appling Inverse Mahgoub transforms,
Thus required :~lution of given differential equations are

x(t) = tcost — 1 and y(t) = tsint + cost

Example : (2) Find the solutions of the system of equations
dx/dt + ay =0
dy/dt —ax =0

With initial cc:ditions X(0) = ¢; and y(0) = ¢z,where ¢,, ¢, are arbitrary constants,
Solution: App!, ing the Laplace transform of both sides of Eq. (21) and (22),
L{dx/ de] + ally]=0

icients and satisfying some initial conditions,

4)
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Lldy/dt]) — aL[x] = 0
Since L[x(2))] = Fi(s) and L[y()] = F,(s)
SF(s) —c, + aF;(s) =0
SF(s) —c; — aF,(s) =0
Solving these equations for Fi(s)and F,(s) ;

s — ca _Ga+cs
Fi(s) = e and F,(s) = “SZ o a?

(24)

(25)
(26)

3 , : 1 are
Appling Inverse Laplace transforms,we get general solution of given dif ferential equations

x(t) = c,cosat — czsinat and y(t) = c,sinat + cycosat
Squaring and adding ,we get
x2+y?2 =24 cy? which represents a circle,

2: Applying the Sumudu transform of both sides of Eq. (21) and (22),
S[dx/ dt] + aS[y] = 0

Sldy/dt] — aS[x] =0
Since S[x(£)] = G, (u) and Shy] =g, w)
(G (W) —x(0))/u + aGz;(u) =0
(G2(1) — y(0)) /u'= aG, () = 0
Solving these €quations for G, (w)and G2(w) Then Appling Inverse Sumudu transforms.

Thus required solution of given differential equations are

x(t) = c,cosat — czsinat and y(t) = c,sinat + cycosat

3: Applying the Mahgoub transform of both sides of Eq. (21) and (22),
M[dx/ dt] + aM[y] =0

M[dy/dt] — aM[x] = 0
Since M[x(t)] = H,(v) and Mly(®)] = H,(v)
vH, (v) — vx(0) + aH,(v) =0
vH(v) — vy (0) —aH,(v) =0

Solving these equations for H, (v) and H,(v) Then Appling Inverse Mahgoub transforms.

Thus required solution of given differential equations are

x(t) = c;cosat — czsinat and y(t) = c,sinat + cycosat
Example : (3) Find the solutions of the system of equations

ax ot

P +y=e

Lx=—t
With initial conditions x(0) = 0 and y(0)=0
Solution: Applying the Laplace transform of both sides of Eq. (39) and (40),
Lldx/ dt] + L[y] = L[e*]

L[dy/dt] — L[x] = —L[t]
Since L[x(t)] = F;(s) and Lly(®)] = F(s)
SF(S) —x(0) + F2(s) = 1/(s — 1)
SF,(s) —y(0) — Fi(s) = —1/s?
Solving these equations for Fy(s)and F,(s) ;
FE)=(63+5s—1)/s?(s —1)2(s + 1)
F2(s) =1—2s/s(s —1)3(s+ 1)
Appling Inverse Laplace transforms.

Thus required solution of given differential equations are
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\ Appdying t Sumuo

sid

rl Since S{x (1)}

Solving thesc «
Thas required
x(t) = €' /2

3 Applying t

Since M[x(2))

Suiving these ¢

Thus required

Example: (4)
o

ar

o

a:
With initial cc

Solution: Apyp..i:
L

Lldy /¢

Since L[x(t)] =

f‘&' ing these ¢
Thus required -

2: Applying ti -

Sldy
Since S[x(8)]

"

{

Solving these <.

Thus required ¢

3: Applying t!:: .
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. ~
2{t) = ¢" J2 ~ 1/2¢c0s1 -

Yu transform of both sides of Eq. (39) and (40)

14 Syl = Sle* |

v /dt} "i‘)"“lfl

ESHYy ()] = Gy(u)
- 3(0))/u 4 Ga(u) = 1/(1 - u)

YOI /u ~ Gi(u) = —y

s for

¢ : : . v
nludand Gy(u) Then Appling Inverse Sumudu transforms.

1 of given differential equations are

T = 1/2sint and y(t) = —1 + ¢! /2 4+ 1/2cost — 1/2sint  (52)
fahigoub transform of both sides of Eq. (39) and (40),

Mldx/ dt} + My] = Mle* )

[dy/det] — M[x] = —M([t)

Hi(v) and My(t)] = H,(v)

vili(v) — vx(0) + H,(v) =v/(v—1)
vH,(v) — vy(0) — H,(v) = —1/v
ns fir Hy(v) and H,(v) Then Appling Inverse Mahgoub transforms.

‘Lo o ziven differential equations are

1/2sint and y(t) = —1 4+ e' /2 + 1/2cost — 1/2sint (47)

(49)
(50)

(50)
(51)

(53)
(54)

(53
(56)

x(t) = e* /2 —1/2cost —1/2sint and y(t) = —1 + e* /2 + 1/2cost — 1/2sint (€]

it

hie solutions of the system of equations

5 J=1land y(0)=2
12 the Laplace transform of both sides of Eq. (58) and (59),

1:/dt] = L{x] + L[y]

'=2.x]+ 4L[y]
(=) and Lly(t)] = F>(s)

— x700) = F(5) + F(s)
=3 10) = 21(5) +4F,(s)

~tions for Fy(s)and F,(s) and Appling Inverse Laplace transforms,we get

‘ion of given differential equations are <
=e? —2e" ' —2t+1and y(t) = e** +4e P +2t—3
,.:mudu transform of both sides of Eq. (58) and (59),
st = S[x] + Syl
=25 x] +4S[y]

S twyand S[y(0)] = G (W)

Gy (u) —x(0))/u = 6, (W) + G (1)

;= y(0))/u = 26, (W) + 4G, (W)

ti 0s fur Gy (u)and G, (w) Then Appling Inverse Sumudu transforms.
11 of siven differential equations are

— g2t _ 2t —2t+landy(t) =e** +4e " +2t—3
seoub transform of both sides of Eq. (58) and 59),

v/dtl = M[x] + M[y]

crdel = 2MIx1 + 4M[v]

58)
69

(60)
(61

(62)

(63)

64)

(65)
(66)

67

(69)

70)
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(72)
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Since M[1(0)) = Mu(r) and Mlyv(t)) - He(v) \
vM, (v) vX(0) = 4, () 4 Hy(w) (1)
PH () ~ v (0) = 204, (u) o A1 () (74) ‘
Solving these Squations for M, (v) and Ha (1) Then Appling Inverse Mahgoub transforms

Thus required solution of given differential cquations are

(X)) = e e~ _ 2, land y(t) = ¢t 4 4o-t , 2t -3 (75)

4. Conclusion

The main goal of this paper is to conduct Comparison between Laplace, Sumudu and  Mahgoub
Transforms for Solving system of First order First Degree Differential Equations .The three methods are powerful and
cr’ﬁcicnl.Sumudu and Mahgoub Transforms is a convenient tool for solving Solving system of First order First
Degree differential €quations in the time domain without the need for performing an inverse Sumudutransform and -

inverse a Mahgoub transform and the connection of Sumudu transform and 4 Mahgoub transform with =
Laplace transform goes much deeper.
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